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Abstract
For any positive integer k, define f(k) to be the minimal integer ≥ k such that every 3-
connected cubic planar graph G of circumference ≥ k has a cycle whose length is in the interval
[k, f(k)]. Merker showed that f(k) ≤ 2k + 9 for any k ≥ 2, and f(k) ≥ 2k + 2 for any even
k ≥ 4. He conjectured that f(k) ≤ 2k + 2 for any k ≥ 2. This conjecture was disproved by
Zamfirescu, who gave an infinite family of counterexamples for every even k ≥ 6 whose graphs
have no cycle length in [k, 2k + 2], i.e. f(k) ≥ 2k + 3 for any even k ≥ 6. However, the exact
value of f(k) was only known for k ≤ 4, and it was left open to determine f(k) for k ≥ 5. In
this note we give the exact value of f(k) for every k ≥ 5. We show that f(5) = 10, f(7) = 15,
f(9) = 20, and f(k) = 2k + 3 for any k = 6, 8 or k ≥ 10.
1 Introduction
The cycle spectrum of a graph G is the set of lengths of cycles in G. For positive integers a ≤ b, the
interval [a, b] is a gap in the cycle spectrum of G if G has no cycle of length in [a, b]. Recently, it was
initiated by Merker [1] to study gaps in the cycle spectrum of 3-connected cubic planar graphs. For
any positive integer k, we define f(k) to be the minimal integer ≥ k such that every 3-connected
cubic planar graph G of circumference ≥ k has a cycle whose length is in the interval [k, f(k)].
Equivalently, f(k) is the minimal integer such that [k, f(k)] is not a gap in the cycle spectrum of
any 3-connected cubic planar graphs of circumference ≥ k.
Merker [1] showed that f(k) ≤ 2k+9 for any k ≥ 2, hence it is always assured that there exists
some cycle in G of length in the interval [k, 2k + 9]. He also gave a construction which yields a
lower bound f(k) ≥ 2k + 2 for any even k ≥ 4. He conjectured that f(k) ≤ 2k + 2 for any k ≥ 2.
Very recently, Zamfirescu [2] gave an infinite family of counterexamples for every even k ≥ 6 whose
graphs have no cycle length in [k, 2k + 2], i.e. f(k) ≥ 2k + 3 for any even k ≥ 6. This improved
the lower bound given by Merker, and disproved the conjecture. Note that the conjecture holds for
2 ≤ k ≤ 5 [1, 2].
However, the exact value of f(k) was only known for k ≤ 4, namely, f(k) = 5 for k ≤ 3, and
f(4) = 10. (The cases for k ≤ 3 are trivial; see [1, Proposition 1] for the case k = 4.) It was left
open to determine f(k) for k ≥ 5. In this note we give the exact value of f(k) for all the remaining
cases. We show in Section 2 (Theorem 3) that f(k) ≤ 5(k−1)2 for k = 5, 7, 9, and f(k) ≤ 2k + 3 for
k = 6, 8 or k ≥ 10, which is achieved by slightly refining Merker’s proof. Combining Zamfirescu’s
result, we immediately have f(k) = 2k + 3 for every even k ≥ 6. In Section 3 we give construction
for every odd k ≥ 5, showing that the aforementioned upper bounds for odd k are tight. This gives
us a characterization of the intervals which are gaps of 3-connected cubic planar graphs. Analogous
to Proposition 1 in [1], we have the following result for 3-connected cubic planar graphs.
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Proposition 1. For any integers 3 ≤ a ≤ b, the interval [a, b] is a gap of some 3-connected cubic
planar graph if and only if a = 3, b ≤ 4; or a = 4, b ≤ 9; or a ∈ {5, 7, 9}, b ≤ 5(k−3)2 ; or
a ∈ {6, 8} ∪ {k ∈ N : k ≥ 10}, b ≤ 2k + 2.
2 Upper bounds for f(k)
We will make use of the tool developed by Merker [1]. We first recall a structural result of Merker,
which follows from Lemmas 5 and 6 in [1], and the proofs of them as well. (We should remark that
although Lemma 5 in [1] is stated for positive integer c, the lemma and its proof also hold for c
equal zero.) For any fixed integer k, a cycle is short if it has length less than k; otherwise it is long.
Lemma 2 ([1]). Let k ≥ 3 be an integer. Every 3-connected cubic plane graph G with circumference
≥ k but with no cycle of length in [k, 2k] contains a 2-connected subgraph G′ such that
• no two short facial cycles of G′ intersect,
• G′ contains a long facial cycle,
• every long facial cycle in G′ is also a facial cycle in G,
• and for every bounded (respectively, unbounded) short face F in G′, every face in G that is in
the interior (respectively, exterior) of F and intersects with the boundary of F is also short.
In particular, G has a long facial cycle.
The following theorem gives upper bounds on f(k) for any k ≥ 5, which will match the lower
bounds given in the next section.
Theorem 3. Let k ≥ 3 be an integer. Let G be a 3-connected cubic planar graph with circumference
≥ k. Then G has a cycle of length in [k, 2k+3]. If k ∈ {5, 7, 9}, G has a cycle of length in [k, 5(k−1)2 ].
Proof. Suppose to the contrary that G has no cycle of length in [k, 2k+3]. Let G′ be the subgraph
of G given by Lemma 2, and H be the graph obtained from G′ by suppressing the vertices of degree
two. It was shown in the proof of [1, Theorem 2] that H is simple. The faces in G′ obviously
correspond to the faces in H. For any face F in G′, denote by l(F ) and lH(F ) the length of F in
G′ and in H, respectively. We define X to be the set of faces F with l(F ) < k, and Y the set of
faces with l(F ) > k. Denote n := |V (H)|, x := |X| and y := |Y |.
As H is a simple cubic plane graph and no two faces in X intersect, we have, by Euler’s formula,
x+ y = n2 + 2, and
n ≥
∑
F∈X
lH(F ) ≥ 3x.
A path in G′ is a subdivided path if it has two endvertices of degree three, and its internal
vertices are of degree two. A subdivided path in G′ is corresponded to an edge in H. For any path
in G, we denote by l(P ) the length of P , i.e. the number of edges. For every face F in G′, let PF
be the set of subdivided paths contained in the boundary cycle of F . Since every edge in G′ is
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incident with either one or no face in X, we have∑
F∈Y
l(F ) =
∑
F∈Y
lH(F ) +
∑
F∈X
∑
P∈PF
(l(P )− 1)
≤
∑
F∈X∪Y
lH(F )−
∑
F∈X
lH(F ) +
∑
F∈X
(l(F )− 3)
≤ 3n− 3x+
∑
F∈X
(k − 1− 3)
= 3n+ (k − 7)x.
On the other hand, as we assume there is no cycle of length in [k, 2k + 3] in G, l(F ) ≥ 2k + 4
for any face F ∈ Y . Thus we have
∑
F∈Y
l(F ) ≥ (2k + 4)y = (2k + 4)
(
n
2 + 2− x
)
> (k + 2)n− (2k + 4)x.
Combining two bounds, we have
(k + 2)n− (2k + 4)x < 3n+ (k − 7)x
which is equivalent to
(k − 1)n < (3k − 3)x.
This contradicts n ≥ 3x and hence justifies the first claim.
If k ∈ {5, 7, 9}, again, suppose to the contrary that G has no cycle of length in [k, 5(k−1)2 ].
We claim that every subdivided path in the boundary of some face in X has length at most k−32 .
Otherwise, let F be a face in X, and let P := v1w1 . . . wpv2 be a subdivided path in the boundary
cycle CF of F , with p ≥ k−32 . Let R be the set of vertices of degree two (in G′) which is in CF but
not in P . Denote r := |R|. We have
p+ r ≤ |V (CF )| − 3 ≤ k − 4.
Note that if r = 0 and p > 1, then {w1, wp} is a cut of size two in G, which contradicts that G is
3-connected. Thus we may assume r > 0 for k ∈ {7, 9}.
We may assume F is a bounded face. For any 1 ≤ i ≤ p − 1, the face Fi of G incident with
the edge wiwi+1 in the interior of CF has length less than k. If Fi intersects with CF other than
wi, wi+1, then, as G is cubic, Fi is incident to at least two vertices in R. Also, it is not hard to see
that if there are p′ ≥ 1 faces Fi such that every of them intersects with CF , then there are at least
p′ + 1 vertices from R each of them is in some boundary of these p′ faces.
For k = 5, we must have p = 1 and r = 0, which is obviously impossible. For k ∈ {7, 9}, we
consider two cases depending on the length of CF . If |V (CF )| = k − 1, then there is some face Fi
whose boundary has empty intersection with R; otherwise p + r ≥ k−32 + (k−32 − 1 + 1) = k − 3,
which is not possible. Therefore, we have two short cycles of G, namely, CF and the boundary of Fi
for some 1 ≤ i ≤ p− 1 such that their intersection is precisely the edge wiwi+1. As CF has length
k − 1, we may obtain a cycle of length in [k, 2k − 4] ⊂ [k, 5(k − 1)/2] by taking their union and
deleting the edge wiwi+1, a contradiction. If |V (CF )| < k− 1, it is obviously not possible for k = 7
as we know that r > 0. For k = 9, it must be r = 1 and |V (CF )| = k−2, since p+ r ≤ |V (CF )|−3.
Moreover, each of the faces F1, F2 has empty intersection with R; otherwise r ≥ 2. We may assume
one of F1, F2, say F1, has boundary of length at least four; otherwise {w1, w3} is a cut of size two.
Similary as in the first case, we may obtain a cycle of length in [k, 2k − 4] ⊂ [k, 5(k − 1)/2] from
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CF and the boundary of F1 by taking their symmetric difference, a contradiction. This justifies
our claim.
We now use the discharging technique in the original graph G to derive a contradiction. As G is
a 3-connected cubic planar graph, it follows from Euler’s formula that ∑(lG(F )− 6) = −12, where
the summation is over all faces F of G, and lG(F ) denotes the length of boundary of F . For any
face F in G, we assign lG(F ) as its initial charge. We have only one rule of discharging: for every
edge that is incident to faces F1, F2 in G such that F1 ∈ Y and F2 /∈ Y , we let F1 pass one charge
to F2. Denote by l∗(F ) the charge of F after discharging. It suffices to show
∑(l∗G(F ) − 6) ≥ 0,
where the summation is over all faces F of G.
For a short bounded face F0 in G′, i.e. F0 ∈ X, we show that ∑(l∗G(F ) − 6) ≥ 0, where the
summation is over all faces of G that are in the interior of F0. Let p1 ≥ 3 be the number of vertices
that is on the boundary of F0 joining to the exterior of F0, and p2 be the number of vertices that
is either on the boundary of F0 joining to the interior or in the interior. By Euler’s formula, the
number of faces of G in the interior of F0 is 2 − (p1 + p2) + 2p1+3p22 − 1 = p22 + 1. As every facial
cycle which is in the interior of F0 and intersects with F0 is a short cycle, we have∑
(l∗G(F )− 6) =
∑
l∗G(F )− 6(p2/2 + 1) = (2p1 + 3p2)− 6(p2/2 + 1) ≥ 0.
The sum for the faces in the exterior of the unbounded face can be similarly handled. Therefore, it
now suffices to show l∗G(F ) ≥ 6 for any F ∈ Y . Since every subdivided path in the boundary of some
face in X has length at most k−32 , we conclude that l∗G(F ) is at least d(5(k−1)2 + 1)/(k−32 + 1)e = 6.
This thus completes the proof of the second statement.
3 Lower bounds on f(k) for odd k ≥ 5
In this section we provide constructions which yield the desired lower bounds on f(k) for odd k ≥ 5.
Similar to the constructions given by Merker [1] and Zamfirescu [2], we first start with a cubic plane
graph T comprised of cycles of length l and 2l, for any sufficiently large integer l, and a matching,
and then replace each vertex by some fragment to obtain a graph G. Precisely, here we consider
the graph T formed by two cycles of length l and an odd number of cycles of length 2l such that
these cycles are placed in the plane without crossing in the way that the innermost and outermost
cycles are of length l, and they are joined appropriately by a perfect matching; see e.g. Figures 1
and 3.
We will use the fragments depicted in Figure 2. For k = 7, we only use the operation in (a);
for k = 9, the operations in (a) and (b). For our purpose each of the fragments has k vertices, and
has circumference k − 1.
We first describe the construction for odd k ≥ 11. In this case T contains a family of seven
disjoint cycles, two of them are of length l and five of them of length 2l; see Figure 1. The way to
replace the vertices in T should be clearly explained by Figure 2. For instance, the three vertices
on the bottom in Figure 1 are to be replaced by the fragment in Figure 2(a) (without any rotation
or reflection); and those on the top are to be replaced by the same fragment but with a rotation
by 180◦. By construction, any cycle in G of length less than k is contained in some fragment, and
any other cycle in G has length at least the face length of F1, F2 and F3, which is 2k + 3. In other
words, G has no cycle length in [k, 2k + 2] and hence f(k) ≥ 2k + 3.
For k = 5 (respectively, k = 7), one can consider the graphs obtained from any 3-connected
cubic plane graph of girth five by replacing vertices with disjoint triangles (respectively, copies of
the fragment in Figure 2(a)), which yields f(5) ≥ 10 (respectively, f(7) ≥ 15). For k = 9, the
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Figure 1: The graph T for the case k ≥ 11.
graphs obtained from the graph T in Figure 3 by the operations in (a) and (b) defined in Figures 2
proves f(9) ≥ 20.
References
[1] M. Merker. Gaps in the cycle spectrum of 3-connected cubic planar graphs. J. Combin. Theory
Ser. B, 146:68–75, 2021.
[2] C. Zamfirescu. Counterexamples to a conjecture of Merker on 3-connected cubic planar graphs
with a large cycle spectrum gap, 2020. arXiv:2009.00423.
5
2
(a)
3
1 0
(b)
4
(c)
Figure 2: Three kinds of vertex replacement for the case that k ≥ 7 is odd. The operations in (b)
and (c) require k ≥ 9 and k ≥ 11, respectively. Every fragment has k vertices.
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Figure 3: The graph T for the case k = 9.
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